The statistical system of pions with zero total isospin is studied. The suppression effects for the average yields due to isospin conservation are the same for π 0 , π + and π − . However, a behavior of the corresponding particle number fluctuations are different. For neutral pions there is the enhancement of the fluctuations, whereas for charged pions the isospin conservation suppresses fluctuations. The correlations between the numbers of charged and neutral pions are observed for finite systems. This causes a maximum of the total pion number fluctuations for small systems. The thermodynamic limit values for the scaled variances of neutral and charged pions are calculated. The enhancements of the fluctuations due to Bose statistics are found and discussed.
I. INTRODUCTION
The aim of the present paper is to study some aspects of non-Abelian symmetries in the statistical models. We consider SU(2)-isospin symmetry group for the pion system. The role of the isospin conservation in a many body system was first considered in the pioneering paper of Bethe [1] . Many efforts were then aimed at studies of the pion system with fixed isospin [2, 3] .
An effective theoretical formalism for non-Abelian symmetries in the statistical mechanics was developed in Ref. [4] on the basis of the group projection technique. It allowed to consider the impact of the isospin conservation on the particle abundances and the form of their momentum spectra in the statistical models of hadron production [5, 6] . The group projection technique was also used to calculate the colorless partition function of the quark-gluon gas with SU(N c )-color symmetry [7, 8] .
Our primary interest in the present paper is to study an influence of non-Abelian charge conservation on the particle number fluctuations. It was recently found [9] that exact conservation of Abelian (additive) charges causes the suppression of the particle number fluctuations.
In the present study we restrict our consideration to the simplest statistical system with nonAbelian symmetry -an ideal pion gas with zero isospin I = 0. Most discussions are done within Boltzmann statistics. This makes possible to obtain transparent analytical results and compare them with those in the canonical ensemble for zero electric charge Q = 0.
The paper is organized as the following. In Section II we consider the partition function and total number of pions (the mean value and scaled variance). In Section III we calculate the mean multiplicities, fluctuations and correlations for π + , π − and π 0 mesons. In Section IV we consider the specific effects due to Bose statistics. The Section V summarizes the paper.
II. PARTITION FUNCTION AND TOTAL NUMBER OF PIONS
The partition function of the ideal Boltzmann gas of pions π + , π − , π 0 in the grand canonical ensemble (GCE) reads,
where z is the one-particle partition function,
Here V and T are the system volume and temperature, m is the pion mass (we neglect a small difference between the masses of charged and neutral pions), and K 2 is the modified Hankel function. The auxiliary parameters λ j with j = 0, +, − are introduced to calculate the mean pion multiplicities, fluctuations and correlations. We take λ j ≡ 1 in the final formulae.
In the case of exact charge conservation, i.e. in the canonical ensemble (CE) with zero charge Q = 0, the partition function is (see, e.g. [9, 10] ):
Note that an exact charge conservation in the CE (3) does not affect the neutral pions. Their number distribution remains the Poissonian one, the same as in the GCE (1).
The partition function with total isospin I = 0 can be obtained using group projection technique. Pions are transformed under vector (adjoint) representation of the SU(2) group. This group has three parameters which can be chosen as Euler angles α = α, β, γ. In this case the diagonal matrix elements have the following form [11] :
The partition function is then presented as [6, 12] :
Substituting explicit expressions for the Haar group measure dµ and matrix elements D 
in Eq. (5), one obtains:
The change of variables φ = α + γ, ϕ = (α − γ)/2, cos(β) = x and integration over ϕ gives:
Comparing Z I=0 (7) with the partition function Z Q=0 (3) one observes an additional xintegration in Eq. (7). It reflects a presence of the particle number correlations between neutral and charged pions which were absent in the GCE and CE.
The partition functions (1), (3), and (7) can be simplified by taking λ j = λ. One finds:
where I n are the modified Bessel functions. The final expressions for the partition functions correspond to λ = 1. Taking the derivatives of Z over T and V one finds the thermodynamical functions of the pion system. The derivatives over λ give the moments of total pion number distribution,
With Eq. (9) one calculates the average pion multiplicity N and the second moment N 2 using the partition functions (8) of different statistical ensembles:
The ratio R N and the scaled variance ω N ,
for the total number of pions calculated in different statistical ensembles are shown in Fig. 1 .
In the GCE one obtains R N (GCE) = ω N (GCE) = 1. 
in Eqs. (10) (11) (12) . This gives, R N → 1 and ω N → 1 in the thermodynamic limit, z → ∞, for both Q = 0 and I = 0 ensembles. It means that the suppression of the pion average multiplicity and the enhancement of the multiplicity fluctuations are the finite volume effects.
The partition functions (1), (3), and (7) can be presented as,
The degeneracy factor g(N) for different statistical ensembles can be found from Eq. (8). To calculate F (N, N 0 ) one needs Eqs. (1, 3, 7) . The values of g(N) and F (N, N 0 ) in different statistical ensembles are presented in Table I for N ≤ 4, see also [2] . Note that g(N) = 3 N in the GCE, and g(0) = 1 in all ensembles. Table I is helpful when one considers very small systems with only a few pions. For z ≪ 1 one finds from Eq. (15) and Table I : The mean multiplicity and higher moments can be calculated as:
This gives:
The results (18-19) can be also obtained from Eqs. (10) (11) (12) by expanding the modified Bessel functions at z ≪ 1 [13] ,
For R N and ω N (13) one finds from Eqs. (18-19):
The behavior of R N (21) and ω N (22) at small z can be seen in Fig. 1 . The scaled variance ω N has a maximum at z ≈ 0.5 in both Q = 0 and I = 0 statistical ensembles.
III. FLUCTUATIONS AND CORRELATIONS OF
To calculate the mean multiplicities, correlations, and fluctuations for neutral and charged pions one has to return back to presentations of the partition functions by Eqs. (1, 3, 7) . One finds,
Using Eq. (23) one obtains for the mean multiplicities of neutral and charged particles:
where N ± = N + = N − . The ratios
are shown in Fig. 2 (left) for Q = 0 and I = 0 statistical ensembles. Note that R 0 = R ± = 1 in the GCE. In the CE, R Q 0 = 1, i.e. the mean number of neutral pions is not affected by the charge conservation law. The mean number of charged pions is suppressed in the CE, R Q ± < 1 [10] . The behavior in the statistical ensemble with I = 0 differs from that in the CE with Q = 0. The pion mean numbers are the same for all charge pion states π 0 , π + , and π − . The suppression of these pion multiplicities at I = 0 is stronger than that for π − or π + in the CE with Q = 0:
The asymptotic behavior of (24, 25) at large z can be found using Eq. (14) . One obtains R j → 1 at z → ∞ for all j = 0, +, − in both Q = 0 and I = 0 statistical ensembles. Thus, the suppression of the mean numbers of charged and neutral pions is the finite volume effect. At small z one can use Eq. (20), this gives at z ≪ 1:
The second derivatives in Eq. (23) can be calculated using the partition functions (1, 3, 7)
for different statistical ensembles. They give the second moments and correlations in the GCE:
in the CE:
and in the pion system with I = 0:
where
Using the above expressions one can easily construct the scaled variances ω j and correlation coefficients ρ ij ,
that define the main characteristics of the pion multiplicity distributions.
From Eqs. (24-25, 31-32) and asymptotic expansion of the modified Bessel functions (14) one finds the behavior of the scaled variances ω j (34) in the thermodynamic limit z → ∞. However, the results for finite systems are rather different. In the CE with Q = 0 the fluctuations of neutral particles are the same as in the GCE, ω Q 0 = 1. The scaled variance ω Q ± in the CE with Q = 0 was calculated in Ref. [9] . At z ≪ 1 using Eq. (20), one finds: ω
In the statistical ensemble with I = 0 the scaled variances ω 0 and ω ± can be calculated for small system with z < 1 using Eqs. (24-25, 31-32) and asymptotic expansion of the modified Bessel functions (20). However, it is more instructive to obtain approximate expressions for the distributions of π 0 and π ± numbers using Eq. (15) and F (N, N 0 ) values from Table I . Let us consider the pion states with total number of pions N ≤ 4, i.e. we neglect small terms of the order of z 5 . The probability distribution P 0 (N 0 ) then reads:
For the statistical ensemble with I = 0 one finds from Eq. (35) and Table I ,
Equations (41,42) clearly demonstrate that the same average numbers of π 0 and π ± come from different pion states. The results for higher moments of P 0 and P ± distributions are different:
From Eqs. (41-44) one finds:
There are no correlations between the numbers of π 0 , π + , π − in the GCE. The role of the pion number correlations can be illustrated returning to the scaled variance ω N presented in Fig. 1 , right. Taking into account the relation N ≡ N 0 + N + + N − one finds:
The GCE corresponds to ρ +− = ρ 0± = 0 in Eq. (46). Besides, the multiplicities N j = N /3
and scaled variances ω j = 1 are the same for j = 0, +, −. This leads to ω N = 1 in the GCE.
The CE with Q = 0 corresponds to ω 
The term N 0 Q=0 / N Q=0 in Eq. (47) 
is then two times larger than that for positive (negative) pions. The same relation, ω ch = 2ω ± , is also valid at I = 0.
For I = 0 one obtains from Eq. (46):
generalization of Eq. (6) for Bose statistics gives the following expression:
The Boltzmann approximation corresponds to the first term n = 1 in the sum in Eq. ( In the case of quantum statistics, the partition function depends not only on the one particle partition function z (2), but additionally on the value of m/T . In Fig. 4 the results for the scaled variances ω to that of the isospin singlet I = 0. This requirement cause the suppression effects for the average yields of quarks and gluons, the same for different colors. These suppression effects for the yields disappear in the thermodynamic limit. However, a behavior of the fluctuations are different. To make situation fully transparent let us consider a toy model of the gluon gas with SU(2)-color. The colorless system of gluons will be then in one-to-one correspondence with the iso-singlet I = 0 pion gas. We thus immediately conclude that fluctuations of the number of gluons with different colors are different. Moreover, this difference survives in the thermodynamic limit too.
